Several characterizations of the class of M-matrices as a subclass of the class of Z-matrices are given. These characterizations involve alternating sequences, decompositions, and splittings, and all are related to generalized nullspaces.
INTRODUCTION
In this paper we give several new characterizations for a Z-matrix to be an M-matrix. All of our characterizations are related to the generalized nullspace of the matrix.
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NOT A TION AND DEFINITIONS
This section contains most of the definitions and notation used in this paper. In the main we follow the definitions and notation used in [9] .
Let A be a square matrix with entries in some field. As is well known (see [9] for further details), after performing an identical permutation on the rows and the columns of A, we may assume that A is in Frobenius normal form, namely a block (lower) triangular form where the diagonal blocks are square irreducible matrices. NOTATION 2.1. For a positive integer n we denote (n) = {I, ... , n}. CONVENTION 2.2. We shall always assume that A is an n X n matrix in Frobenius normal form (A ij ), where the number of diagonal blocks is p. Also every vector h with n entries will be assumed to be partitioned into p vector components hi conformably with A. NOTATION 2.3. Let h be a vector with n entries. We denote 
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where the ca, satisfy 
Proof. Let i E top(x). Observe that Ajjx j = bj' If i is a nonsingular vertex, then it follows that b j > O. Hence, since Ajj is an irreducible Mmatrix, it follows that x j » 0, contrary to assumption. Thus i is a singular vertex. Furthermore, since Ajj is an irreducible singular M-matrix and b i ~ 0, it follows that b i = O. Hence, an examination of the accessibility relations (d. Lemma (3.1) in [3] ) shows that top(x) -< supP(b). Since top(x) consists of singular vertices only, the result follows.
•
there exists an infinite alternating sequence forA;
(ii) if A is an M-matrix, the index of A is equal to the maximal length of an alternating sequence for A.
Proof. (i):
If A is not an M-matrix, then choose x to be a semipositive eigenvector associated with the least real (negative) eigenvalue of A . Observe that the sequence x, Ax, .. . is an infinite alternating sequence for A.
(ii): Let A be an M-matrix, and let ind(A)=k. By the preferred basis theorem (e.g., Theorem (4.14) in [2] ) there exists an alternating sequence for A of length k (see also Theorem 3.1 in [4] ). To show that k is the maximal length of such a sequence, let m be a positive integer, and assume that x, Ax, .. . , Amx is an alternating sequence for A. It follows from Lemma 3.3 that the level( x) ~ m. Since by the index theorem for M-matrices (e.g., Theorem 3.1 in [4] ; see also Corollary (4.37) in [2] ) we have ind(A) ~ level( x), it follows that k ~ m.
• The following characterization of M-matrices is an immediate consequence of Theorem 3.4. However, since v is a nonnegative vector in E(A) it follows from Theorem (5.3) in [2] that supp( v) n T = 0, in contradiction to (4.3). Therefore, our assumption that A is not an M-matrix is false.
• LEMMA 
Let A be an M-matrix and let x E E(A). Then top(x) ~ S.
Proof, The claim clearly holds for all elements in the S-preferred basis for E(A) (e.g., Theorem (4.14) in [2] ), and hence it holds for all x E E(A) . • (ii) Ax ~ 0 implies that there exists a nonnegative vector u arul a non-
Proof. We have the follOwing extension of Theorem 4.1 to Z-matrices. We let F( A) be the subspace spanned by the nonnegative vectors in E( A). Proof. Since A is an M-matrix, it can be written as A = sI -P, where P is a nonnegative matrix and p(P) ~ s. Evidently, the splitting where M = sI and N = P has the required properties.
• Conversely we have for Z-splittings. holds for all k, the reverse implication holds in general only for k ~ 1. These examples also show that we cannot replace "there exists" by "for every" in statements (ii) and (iii) of Theorem 5.3.
REMARK 5.5. Michael Neumann has shown us an alternative proof of Theorem 5.3 which is related to the proof of one direction of Theorem 1 in [4] .
